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Abstract
Respiratory motion artifacts in radionuclide imaging can substantially increase the apparent volume of
malignant lesions, and result in reduced activity and signal-to-noise ratios (SNRs) within the tumor region.
We present a corrective algorithm, coined retrospective stacking (RS), that combines retrospective amplitude-
based binning of data acquired in small time intervals, with rigid or deformable image registration methods.
Retrospective stacking is first applied to numerically simulated radionuclide images of a lesion moving
with regular and irregular linear motion, as well as hysteresis characteristic of tumors near the lung. The
dependence of RS on spatial and temporal resolution is explored, by comparing cross-section visualizations,
activity profiles, and SNRs of retrospectively stacked images with those from a simulated motionless lesion.
The simulation results are subsequently validated with a phantom positron emission tomography experiment
representing a hot lesion oscillating within a warm background. It is seen that by sufficiently reducing the
data acquisition timestep, RS can restore the lesion image to nearly its original shape, intensity and SNR,
even under noisy conditions.
© 2007 Elsevier Inc. All rights reserved.
Keywords: Motion artifacts; Radionuclide; 4D PET; Respiratory motion; Image restoration
∗ Corresponding author. Address: CyberKnife Cancer Center, 3599 University Blvd. S, Bldg. 100, Suite 104, Jackson-
ville, FL 32216, United States. Tel.: +1 904 391 1100; fax: +1 904 391 1109.
E-mail address: brian@thorndyke.org (B. Thorndyke).
0024-3795/$ - see front matter ( 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2007.06.019
1326 B. Thorndyke et al. / Linear Algebra and its Applications 428 (2008) 1325–1344
1. Introduction
Respiratory motion poses a challenging problem in positron emission tomography (PET) and
single photon emission computed tomography (SPECT) imaging, where data must be acquired
over many respiratory cycles to obtain adequate statistics. Intracycle organ deformation within
the thoracic and abdominal cavities results in lesion motion, thereby spreading the radiotracer
activity over an increased volume [1], distorting apparent tumor shape [2] and location [3], and
reducing both signal and signal-to-noise ratio (SNR) levels [4].
One solution is to gate the data either prospectively [5,6] or retrospectively [7], effectively
limiting the image analysis to a single phase of the respiratory cycle. The problem with this
approach is that since only a fraction of the scan is used during each cycle, the overall scan time
must be proportionally lengthened to obtain signal levels characteristic of a motionless lesion. This
increased scan time raises practical difficulties related to patient discomfort and immobilization
[8], as well as to diminishing radiotracer concentration from decay and biological elimination.
The purpose of this research was to investigate an alternative approach, coined “retrospective
stacking” (RS), that aims to correct for respiratory motion artifacts using the full signal across
the entire respiratory cycle. In essence, the signal data are acquired over many small timesteps,
and retrospectively binned into multiple frames along the amplitude of some respiratory trace.
These frames are then registered one-by-one through either rigid or deformable [9] transformation
methods, and stacked on top of one another to form a composite image at a single point in
the respiratory cycle. This procedure has some similarities to work by Klein et al. [10], where
deformable registration is used to stack cardiac images at systole and diastole. On the other hand,
RS uses data from the entire respiratory cycle, not just inspiration and expiration endpoints,
improving the signal level and SNR without extending the scan time.
Retrospective stacking offers a number of attractive features, all of which are explored in this
paper. First, the correlation of the respiratory trace with organ deformation is explicitly computed
through image binning and registration, making RS generally applicable to a wide range of tumor
locations and respiratory monitoring techniques. Second, the fact that RS is amplitude- rather
than phase-based makes the method equally suitable for regular and irregular breathing patterns,
permitting free breathing for the duration of the scan. Finally, RS is capable of reconstructing
a four-dimensional view (3D images as a function of respiratory amplitude), even for complex
motion such as hysteresis.
As a logical first step toward the establishment of the method, we chose to apply RS to simulated
radionuclide images of a moving lesion. Simulation often provides insight that is difficult or impos-
sible to otherwise obtain, by shifting the focus to algorithm performance under general conditions,
and avoiding any obfuscating scanner- and patient-specific issues. Moreover, the “gold standard”
exists in this case, and algorithm results can be compared to optimal goals under a wide range of
well-defined conditions. In a broader context, simulation studies involving respiratory motion may
offer insight into related imaging research areas such as hardware design and acquisition protocol
development. Along these lines, recent simulation studies provided valuable insight into cardiac-
and respiratory-gated cone beam CT [11,12], portal CT reconstruction [13], and the interplay of
tumor motion and the multileaf collimator during the treatment phase [14–16].
In this work, we describe an effective simulation procedure and apply the RS method to
the numerically generated images. By simulating the underlying tumor motion, radionuclide
activity and data acquisition, we were able to (a) evaluate the effectiveness of RS under well
controlled noisy conditions characteristic of radionuclide imaging, (b) investigate the ability of RS
to reduce motion artifacts resulting from sinusoidal as well as highly irregular respiratory patterns,
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(c) study the capacity of RS to cope with both linear motion and hysteresis, and (d) understand
the dependence of RS on temporal resolution. We also perform a phantom experiment in order to
validate the key simulation results. As a result of these studies, significant insight is gained into
the problem of nuclide imaging under the influence of respiratory motion, and the foundation is
laid for future investigations.
2. Methods
2.1. Generation of simulated PET or SPECT images
Ideally, the voxel intensities within a reconstructed PET or SPECT image would reflect the
underlying radiotracer activity, within each voxel. In reality, these images are subject to numerous
forms of statistical noise, involving detector hardware, reconstruction algorithm limitations, and
the decay process itself. The precise form of such noise depends on many factors, but for short scan
times, photon counting statistics (or so-called “quantum noise” effects) are particularly important
[17]. Because RS is based on signal acquisitions over short time periods, photon counting statistics
were used throughout the simulations to generate noisy data. We also chose not to introduce spatial
correlations in the noise in order to evaluate the algorithm under a worst-case scenario.
Quantum noise tends toward a Gaussian distribution with mean μ = 0 and standard deviation
σ = √N, where N is the number of decay events captured [18]. A realistic image including quan-
tum noise can be constructed by first generating a discrete version I (r) of the underlying image,
where r = (x, y, z) is discretized along the voxel center points. The noise arises independently
within each voxel, so that a noisy image I˜ (r) can be constructed by superimposing quantum noise
onto the image,
I˜ (r) = I (r) + g(0;N(r)), (1)
whereg(0;N(r)) is a Gaussian withμ = 0 andσ = √N(r). Notice that the deviation is dependent
on the photon count, so that a proportionality factor is required to relate I (r) to N(r). In our
simulations, the image intensity was set to be equal to the photon count, so that g(0;N(r)) =
g(0; I (r)).
A noisy image of a spherical lesion with radius r = 1 cm was constructed by simulating a
uniform distribution of 5 × 105 Bq throughout the lesion, discretizing space into cubic (2 × 2 × 2)
mm3 voxels, and spatially sampling the lesion activity along a (6 × 6 × 6) grid within each voxel
to reproduce partial volume effects. The simulation was performed in image rather than projection
space in order to control the superposition of Gaussian noise. Lesion movement was generated by
translating the sphere according to predefined functions in time along each axis, and sampling each
grid point at a rate of 25 s−1. For each study, once the simulated image was completely sampled,
Gaussian noise according to Eq. (1) was superimposed independently on each voxel. While
these simulation conditions were chosen to be characteristic of modern PET spatial resolution
capabilities and detector acquisition levels, they could easily be scaled to match alternative setups.
2.2. Noise in single vs. stacked images
When noise is dependent on voxel intensity, as in Eq. (1), the SNR of an image does not change
if the image acquisition is divided over several timeframes (with larger SNRs) and then summed to
form the composite image. This can be seen directly on a voxel-by-voxel basis, by considering the
division of an accumulated signal S after time T at a particular voxel, where the standard deviation
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of the noise at this voxel is σ = √S. Dividing the signal into short (and possibly differently sized)
timeframes ti , where
∑
ti = T , we get signals and noise deviations at each frame,
Si = ti
T
S, σi =
√
ti
T
σ. (2)
When the image frames are superimposed,S ≡∑ Si = S, the Gaussian noise adds quadratically,
σ =
√∑
σ 2i =
√∑ ti
T
σ 2 = σ, (3)
so that the SNR does not change. This simple principle motivates the theoretical development of
the RS algorithm.
2.3. Respiratory motion artifacts
Simulated respiratory motion artifacts were replicated by moving the lesion in various ways,
as a function of some respiratory trace. In a clinical setting, this trace could result from several
methods such as tidal volume measured with a spirometer [19,20], anatomical displacement
derived from fluoroscopic images [21], or an infrared external marker attached to the diaphragm
and monitored with a camera [22,23], and simply refers to a signal which correlates temporally
with the respiratory-induced lesion motion and deformation. The RS algorithm, described below,
does not impose any particular constraints on the form of the spatial correlation between the
trace and the tumor motion, does not require the trace to exhibit regular cyclic motion or ampli-
tude bounds, and even allows for temporal lags characteristic of hysteresis. This flexibility is
particularly important for studies that use external markers to gauge respiratory motion, since
investigations have shown that the amplitude of external marker displacement due to respiration
can differ by up to an order of magnitude from the range of motion of the lesion itself [24].
The first lesion motion studied was a straight path along the craniocaudal (CC, or “z”) axis.
The lesion motion was prescribed parametrically,
z = Aτ (4)
with amplitude of motion A = 3 cm, and τ a respiratory trace with the sinusoidal form,
τ(t) = − cos4
(
πt
T
− π
2
)
. (5)
This oscillatory pattern has been shown to be typical of regular respiratory motion [25], where
more time is usually spent at the end of expiration than inspiration [26]. The exponential in the
cosine describes this asymmetry, and in one recent study, has modeled patient breathing with
values from 2 to 10 [27].
The second form of lesion motion followed a very irregular respiratory trace, again in the
CC direction and parameterized according to Eq. (4) with amplitude A = 3 cm. In this second
series, however, the trace did not follow any particular pattern, and in fact was taken from actual
human subject recordings using the Varian Real-time Position Management (RPM) system (Varian
Medical Systems, Palo Alto, CA). The pattern was purposefully erratic, to highlight the robustness
of the method to irregular breathing.
The final lesion motion modeled hysteresis, often observed with lesions located on the lung.
This hysteresis is thought to be due to inelasticity in the lung tissue, generating a time lag in
position restoration. In particular, if the time lag is different in one direction than another, an
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ellipsoidal hysteresis curve results, with the shape of the ellipsoid-like curve dependent on the
time lag and the amplitude of motion in each direction. In many cases, the curve can be described
parametrically in a single plane, as a combination of out-of-phase sinusoidal curves of the form
in Eq. (5) [27]. We have simulated hysteresis by displacing the lesion along both the CC and
anterioposterial (AP, or “y”) directions with a time lag,
x = Aτ(t),
y = Bτ(t − t). (6)
Amplitudes were chosen as A = 3 cm and B = 2 cm, a typical upper limit of lesion motion
found experimentally [28]. A time lag t = 0.5 s provided a hysteresis curve with significant
difference between the inspiration and expiration portions of the curve.
2.4. Phantom data
In order to simulate respiratory-induced lesion motion, we used a linearly oscillating platform
constructed within our department. Although the platform’s motion was limited to the longitudinal
direction, its amplitude and frequency could be varied to replicate typical caudocranial displace-
ment within the thoracic cavity. A small cylindrical tube (length: 5 cm, width: 1 cm) was filled
with 0.8 Ci 18FDG and attached lengthwise to a plastic disk within the center of a cylindrical
water phantom. In turn, the water phantom was filled with a weaker concentration of radiotracer
(0.1 Ci 18FDG) and sealed. The water phantom with embedded vial were then placed on the
moving platform, and oscillated sinusoidally with an amplitude of 3 cm and period of 5 s. The
setup is depicted in Fig. 8.
The phantom motion was monitored with Varian’s Real-Time Position Management (RPM)
camera and software (Varian Medical Systems, Palo Alto, CA). The RPM camera mounts on the
end of the scanner table, and captures an infrared signal coming from a reflective block. Although
the RPM system is designed to detect predominantly anterioposterior motion on the patient’s
abdomen, the parallax induced by longitudinal displacement of the phantom was sufficient to
generate the phantom “respiratory” trace.
The PET data was acquired in the gated PET mode on the department’s Discovery ST multi-
slice PET-CT scanner (General Electric Medical Systems, Milwaukee, WI). In this mode, PET
acquisition is triggered by the RPM signal at a user-defined phase in the respiratory cycle. Each
trigger signals the scanner to begin storing data in a series of equispaced consecutive frames. We
selected 30 frames with 0.2 s each, although given the phantom period of 5 s, the last five frames
were essentially unused. The additional frames were useful for patient studies, to ensure all data
is captured during each respiratory cycle. The raw PET data was acquired for a total of 5 min,
and then binned, reconstructed and retrospectively stacked.
2.5. Retrospective stacking algorithm
A flowchart summarizing the principal steps of RS is shown in Fig. 1. The algorithm begins
with the acquisition of data in small time intervals rather than integrated over the full scan period.
These raw data are binned into frames along the respiratory trace amplitude, and then reconstructed
using standard filtered backprojection or iterative reconstruction schemes [17]. The reconstructed
frames are subsequently stacked together by registering neighboring frames through an appropriate
method, and then superimposing the registered frames on top of one another to form a single image
approximating the static case at a single respiratory amplitude. In addition, this retrospectively
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Set up respiratory tracer (e.g., external fiducial, RPM camera, etc.)
Bin raw data into N frames along respiratory trace amplitude
Reconstruct binned frames
Stack Fi on F1
Select frame Fi (beginning with i=2)
i > N?
Output stacked
image with 4D
information
i=i+1
yesno
Acquire nuclide imaging raw data in small timesteps
Register Fi to F1 using an appropriate model 
Fig. 1. Flowchart of the retrospective stacking procedure.
stacked image can be combined with transformations derived from frame-by-frame registration
to provide a 4D view of the lesion and its surroundings.
Binning along the respiratory trace amplitude is different than binning according to the respira-
tory phase, in that the phase-based approach depends on a satisfactory analysis of the respiratory
cycle, and indeed relies on regular breathing cycles for accuracy [29]. By contrast, binning along
the respiratory amplitude does not require any knowledge of the patient breathing pattern, and
irregular respiratory motion can be treated as well as consistent, regular breathing. Note that if
hysteresis is present, amplitude binning must be augmented with first-derivative information in
order to distinguish inspiration from expiration. The choice of bin widths is quite arbitrary, and
need not be uniform. In practice, there is a tradeoff between the number of bins and the quality of
the reconstructed images, so that while increasing the number of bins captures a greater number
of respiratory states, the resulting reduction of data in each bin decreases the quality of image
reconstruction from the raw sinograms. For the purposes of this numerical study, we assume that
the image frames have been perfectly reconstructed from raw data, but note that other authors
[7] have successfully reconstructed sinogram data divided into several respiratory phases (in the
context of a retrospective gating algorithm for PET) without any significant image degredation
related to reconstruction artifacts.
Registration of the binned frames is an optimization problem that can be approached with
rigid or deformable methods. Deformable models, such as B-spline interpolation [30,31] and
finite element [32], have been shown to cope well with organ deformation, albeit at the expense
of increased computational cost. Simple rigid translations and rotations, on the other hand, have
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been used in several studies of lesion motion [1,33,34], and seem to offer a reasonable first
approximation for many solid tumors. For simplicity, we have confined the transformations in
these studies to voxel translations only, but note that the proposed methodology is quite general
and applies to arbitrarily sophisticated registration models.
For both rigid and deformable models, mutual information [35,36] and normalized correlation
[37] are popular metrics for the optimization criterion in the registration process. Normalized
correlation is appropriate for unimodal registration problems, and is the metric adopted in the
present study. It is essentially the dot product between two frames F1 and F2,
NC =
∫
drF1(r)T̂ F2(r)
/(√∫
drF1(r)2
√∫
drF2(r)2
)
, (7)
which is minimized for the transformation operator T̂ that most closely maps F2 into F1. In the
case of rigid transformations, the denominator is constant, and normalized correlation can be
computed without normalization.
2.6. Evaluation of image quality
The simplest, although somewhat subjective, measure of image quality is simply visual appear-
ance. In all simulations, the original and retrospectively stacked images were visualized in the
sagittal plane, showing the differences in noise and signal. The problem with strictly visual
measures, however, is that they are inherently dependent on window width and level settings,
even though such an approach often forms a basis for interpretation of malignancy.
To better evaluate the effect of the retrospective stacking, the signal, noise and SNR were
evaluated along a line that cuts through the highest activity level of the image. At each voxel
along this line, the signal was computed as the average of that voxel and its nearest neighbors.
The same neighbors were used to compute the standard deviation, and the SNR was determined as
the ratio of signal to standard deviation. This method of computing the SNR accounts for spatial
variation in signal as well as noise intensity.
While the SNR along a given line of interest provides a means to compare the SNRs attainable
under various conditions, it fails to give an overall view of lesion intensity and distribution. To
this end, we have designed the “activity–volume histogram” (AVH), which is analogous to the
canonical dose–volume histograms ubiquitous in treatment planning, and concisely summarizes
the activity within a predefined volume. The domain of the AVH covers the full extent of the
activity (minimum to maximum) of the voxels. At each activity level, the ordinate provides the
volume (that is, the number of voxels, multiplied by voxel volume) of the image containing at least
that activity level. As such, the minimum abscissa value has a corresponding ordinate representing
the volume of all non-zero-activity voxels. Such a histogram gives a view of the overall lesion
volume, as well as the distribution of activity and maximum activity within that volume. From
the AVH, one can easily compute the difference in target volumes corresponding to different
threshold activities, or compare the target volumes corresponding to the same threshold activity
but different acquisition parameters. These profiles may be useful in determining active tumor
volume, as studies have suggested that radionuclide activity beyond some fraction (e.g., 40%) of
the maximal activity, for a given lesion, correlates spatially with malignant activity [38]. For each
simulation, the AVHs were computed and displayed alongside the sagittal plane visualizations
and SNR computations.
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3. Results
3.1. Linear motion
Fig. 2a shows the 60-s generated image, herein referred to as the “original” image, for a
simulated lesion moving 3 cm in the CC direction, with a sinusoidal time dependence given by
Eq. (5). The image was thus blurred over almost 20 respiratory cycles, and the effects are quite
evident visually, stretching the spherical lesion into an oblong image approximately three times
the lesion dimension. The motion also had the effect of smearing the signal with weight according
to the time spent along the trajectory, so that the blurred image was not uniform. The greater time
spent at the end of inspiration and expiration can be seen in the darker spherical shadows at the
ends of the trajectory.
Tumors nearest the lung have been shown to experience CC motion of up to 2 or 3 cm [27],
so that this numerical example provides a test of the retrospective stacking algorithm under
the most extreme lesion displacements. Fig. 2b shows the same lesion, this time having been
acquired over sixty 1-s intervals, and then retrospectively stacked. The 1-s frames were first
sorted, according to the generating respiratory trace of Eq. (5), along 15 amplitude bins (the
same bin density used for the remainder of the study). Once the binned frames were compiled,
they were retrospectively stacked, with each neighboring bin undergoing test translations in the
optimization step from −16 to 16 voxels (−3.2 to 3.2 cm) in the CC direction, and −6 to 6
voxels (−1.2 to 1.2 cm) in the other two orthogonal directions. The retrospectively stacked image
showed substantially few respiratory artifacts, with the resulting shape nearly spherical. The
fuzziness at the edges was further reduced by repeating the retrospective stacking procedure, but
beginning with 0.25-s interval acquisitions. The resulting image, shown in Fig. 2c, appears quite
circular and uniform, with virtually no distortion at the edges. The results were found to be quite
robust to the amplitude bin size, converging in all simulation studies by 10 or fewer bins (not
shown).
Retrospective stacking was performed for additional timesteps, spanning 0.25-s to 2-s acquisi-
tions, and in each case the SNR was computed across the region of greatest intensity. As discussed
earlier, this measurement contains some subjectivity in the choice of the line, but the qualitative
improvements are quite clear as one progresses from the original image to the 0.25-s RS image,
as seen in Fig. 2d. For comparison to a “gold standard”, an image of a lesion without any motion
(referred to as the “static” image) was also simulated over 60 s, and the resulting SNR across the
center of this static image was computed. One can see that the peak SNR improved substantially,
increasing by 50% over the moving image for the 2-s and 1-s acquisitions, to over 15-fold for the
0.25-s acquisition. In fact, the 0.25-s RS image had a peak SNR approximately 2/3 the peak SNR
of the static image.
A better overall view of the improvement is given by the AVH in Fig. 2e. The original image
showed a maximum activity of 40,000 counts/voxel (“cpv”), and lead to a total volume of 16
cm3. Contrast this volume to the 1-s RS image, which showed a maximum activity of approx-
imately 57,000 cpv, and a total volume of 11.5 cm3. Because the lesion activity was uniform,
the static case showed a steep sigmoidal shape, with almost the entire volume having an activity
of nearly 57,500 cpv. In the clinical sense, the closer the RS image adheres to this static case,
the better the malignant and benign regions can be delineated. The 0.25-s RS image curve is
extremely close to the static case, showing a total volume of 7 cm3, and a maximum activ-
ity of 57,500 cpv. Note that the static image showed a total volume of nearly 6 cm3, larger
than the theoretical 4/3πr3 = 4.2 cm3, because of partial volume effects [17]. These discrep-
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Fig. 2. Retrospective stacking applied to simulated regular lesion motion in one dimension. Sagittal midline views are
displayed for the image generated (a) over 60 s without RS, (b) in 1-s acquisition frames followed by RS, (c) in 0.25-s
acquisition frames followed by RS. (d) SNRs for 0.25-s, 0.5-s, 1-s and 2-s RS images are plotted along with those from
a moving and static 60-s image, computed along the horizontal lines shown in (a)–(c). (e) AVHs for the RS, static and
moving images.
ancies can be expected to diminish as lesion volume increases, and the surface-to-volume ratio
decreases.
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3.2. Irregular motion
One of the advantages of retrospective stacking is that there is absolutely no dependence on
breathing regularity, because the analysis is based on amplitude rather than phase binning. This
was demonstrated by replacing the sinusoidal respiratory trace in the linear motion simulation
with a respiratory trace acquired from a human subject. The trace was obtained through the Varian
RPM monitoring system, with an infrared reflective block placed on the subject’s abdomen. The
monitoring system tracked the motion of the block, which was then recorded and used directly
as the respiratory trace for linear motion in Eq. (4). Thirty seconds of this trace are shown in
Fig. 3, where it is clear that not only is the period changing between 5 and 10 s, but the amplitude
of motion is also varying from 0.5 to 1.0 cm. This erratic motion was produced on purpose, to
illustrate a particularly irregular situation.
The original image resulting from this irregular trace is shown in Fig. 4a, where it is seen that
the preponderance of time was spent near the center of the trajectory. This is because the subject’s
breathing cycle involved relatively little time at the end of inspiration and expiration, in contrast to
models that assume the opposite. Fig. 4b shows the irregularly moving lesion after retrospectively
stacking 1-s images, while Fig. 4c displays the 0.25-s RS image. In both cases, RS has removed
nearly all blurring to form a uniform sphere, with the 0.25-s RS presenting a slightly sharper view.
The SNRs are shown in Fig. 4d, where the improvement through RS was even greater than that
for the regular linear motion simulation. At 1.0-s RS, the SNR was already 13-fold above the SNR
of the original image, and by 0.25-s RS, the SNR was 26-fold greater than the original. In fact, this
is over 30% greater than the static image SNR, which is a reminder that the SNR variance due to line
location, as well as statistical fluctuations, can lead to somewhat subjective results. Nevertheless,
the qualitative trend is clear and compelling, demonstrating that retrospective stacking consistently
improved the SNR, the improvement increasing with smaller time interval acquisition.
The AVH, shown in Fig. 4e, reinforces this notion, and closely mirrors the situation with the
regular linear motion. For example, while the original image presented a maximum activity of only
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Fig. 3. Respiratory motion trace used to generate the irregular lesion motion in one dimension. This trace was taken
directly from measurements of a human subject by the Varian Real-time Position Management (RPM) system (Varian
Medical Systems, Palo Alto, CA).
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Fig. 4. Retrospective stacking applied to simulated irregular lesion motion in one dimension, where the respiratory trace
from Fig. 3 was been used to generate lesion motion. Sagittal midline views are displayed for the image generated (a)
over 60 s without RS, (b) in 1-s acquisition frames followed by RS, (c) in 0.25-s acquisition frames followed by RS. (d)
SNRs for 0.25-s, 0.5-s, 1-s and 2-s RS images are plotted along with those from a moving and static 60-s image, computed
along the horizontal lines shown in (a)–(c). (e) AVHs for the RS, static and moving images.
45,000 cpv and full volume of over 15 cm3, the 2-s RS image already showed maximal activity
identical to the static case at 57,000 cpv, and a total volume of 10 cm3 compared to the static
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6 cm3. The volume further reduces as one decreases the frame acquisition time, dropping to 8 cm3
for 1-s frames, under 7 cm3 for 0.5-s frames and only 6.5 cm3 for 0.25-s frames. Interestingly,
the RS AVH curves for the irregular linear motion adhered to the static AVH even more closely
than in the case of regular linear motion.
3.3. Hysteresis
Hysteresis can be appreciable for tumors near the lung, showing deviations of up to a few cm
in the CC direction, and 1–2 cm in the AP direction. In our simulations, the lesion followed a
hysteresis path according to Eq. (6), the results of which appear in Fig. 5a. The blur is different
from that associated with linear motion, in that the smear is circular. Fig. 5b shows the results of
1-s RS, and Fig. 5c shows the same lesion, but retrospectively stacked from 0.25-s acquisitions.
As with regular and irregular linear motion, the retrospectively stacked images were substantially
less blurred, and appear much more compact and spherical. The 0.25-s image was, again, the
sharpest.
The SNR in Fig. 5d shows the same pattern, whereby the retrospectively stacked lowest time
intervals have the most improved SNRs. While the hysteresis motion is more resistant to artifact
removal, the SNR of the RS images were seen to approach the SNR of the static image with
sufficiently small time interval. At 0.1-s acquisition intervals, the maximal SNR reached nearly
2/3 the maximal SNR of the static image.
The result of the hysteresis was a substantially increased total volume, along with a corre-
spondingly decreased maximal activity. The AVH of the original image, in Fig. 5e, showed a
maximal activity at only 35,000 cpv, with total volume of nearly 25 cm3. However, even with 1-
s RS, the maximal activity reached about 54,000 cpv, and the volume was reduced to under
16 cm3. At the best temporal resolution, 0.1-s intervals, the AVH matched very closely the
static sigmoidal curve, with a maximal activity of 57,000 cpv and volume approximately 7.5
cm3.
Since one of the possible uses of retrospective stacking is the reconstruction of an image at
an arbitrary amplitude or phase of the respiratory cycle, it is interesting to view the hysteresis
curve deduced from the voxel shifts of the RS algorithm. This curve, along with the original
hysteresis used in the construction of the images, is shown in Fig. 6. The ellipsoid characteristic
of the hysteresis was faithfully reproduced by the RS algorithm, so that the tumor position could
be reconstructed at any point along the trajectory. The deviation of the derived curve from the
underlying true motion was seen to be under 2 mm, the voxel resolution used in the simulations.
This observation leads to the question of whether or not increased spatial resolution (assuming it
were available) would improve the accuracy of the algorithm. This dependence is the subject of
the next subsection.
3.4. Effect of image resolution
Although the RS algorithm used in these studies involved a simple voxel-wise translation to map
one binned image to another, it is quite reasonable that more flexible mapping methods (including,
for example, deformable models) could improve results by providing better registration. Along
these lines, the hysteresis simulations were repeated for additional voxel widths of 1.5 mm and 1.0
mm, effectively permitting translations along a finer grid. All three resolutions were simulated,
from 0.5-s to 2-s RS. In each case, the original 60-s image was generated and analyzed for
comparison.
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Fig. 5. Retrospective stacking applied to simulated regular lesion motion in two dimensions, with hysteresis. Sagittal
midline views are displayed for the image generated (a) over 60 s without RS, (b) in 1-s acquisition frames followed by
RS, (c) in 0.25-s acquisition frames followed by RS. (d) SNRs for 0.25-s, 0.5-s, 1-s and 2-s RS images are plotted along
with those from a moving and static 60-s image, computed along the horizontal lines shown in (a)–(c). (e) AVHs for the
RS, static and moving images.
The SNR comparisons are shown in Fig. 7a, which demonstrate that the static lesion SNR
could be reached either by decreasing the frame acquisition time, or by using a finer spatial grid.
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For example, at width 0.5 s, the SNR of the RS image over the SNR of the static image was 0.17,
0.4 and 0.95 for resolutions 2 mm, 1.5 mm and 1.0 mm, respectively. On the other hand, limiting
to the 1.5 mm resolution, a full 1.0 ratio was reached at a 0.25-s acquisition. The fluctuations in
the ratios observed in Fig. 7a can be attributed to the noise as well as the subjective nature of the
SNR measurement, but the qualitative trends are clear.
The maximal activity ratios (RS/static), shown in Fig. 7b, showed virtually no difference
between resolutions, with the maximum activity ratio for all three voxel sizes about 93% at 1-s
acquisition, and reaching a full 100% at 0.5-s acquisition. The fact that there was no difference
between the resolutions indicates that the restored maximal activity is quite robust to the resolution
of the translation grid.
The full volume ratios (RS/static), shown in Fig 7c, closely parallel the results of the maximum
activity ratios, with very small difference between the resolutions, but dramatic improvement with
frame width. At 0.5-s RS, the ratio decreases from the original 4.5 to approximately 1.75, while
by 0.25-s RS, the ratio converges to under 1.5.
Finally, the volume ratios at 40% maximal activity are plotted in Fig. 7d. The rationale for
selecting the volume at some percentage of maximal activity comes from the notion that the
higher the radiotracer activity, the greater the likelihood of malignancy. The goal of Fig. 7d is
to show the change in volume obtained using threshold activity as a criterion. As with maximal
activity and full volume graphs, the difference between the resolutions was very small. What is
particularly interesting is that the threshold activity volume curves converge to a 20% reduction
in volume (from the original image) at 1-s RS, attaining a volume within 2–3% of the static case.
This suggests that although volume increases derived from threshold-based methods of delineat-
ing tumor volume could be significant, they may be virtually eliminated through retrospective
stacking, even with simple registration methods that incorporate only rigid translation along a
coarse grid.
B. Thorndyke et al. / Linear Algebra and its Applications 428 (2008) 1325–1344 1339
0
 0.2
 0.4
 0.6
 0.8
1
 1.2
60210.50.250.10.05
re
la
tiv
e 
m
ax
im
um
 S
N
R
frame width (sec)
a 2 mm resolution
1.5 mm resolution
1 mm resolution
 0.6
 0.65
 0.7
 0.75
 0.8
 0.85
 0.9
 0.95
1
 1.05
60210.50.250.10.05
re
la
tiv
e 
m
ax
im
um
 a
ct
iv
ity
frame width (sec)
b 2 mm resolution
1.5 mm resolution
1 mm resolution
Fig. 7. Effect of voxel resolution and frame acquisition timestep on retrospective stacking for the lesion moving in two
dimensions, with hysteresis. Calculations for the RS images are shown relative to a single 60-s image generated for a static
lesion. (a) Maximum SNR. (b) Maximum voxel activity. (c) Full lesion volume, with all non-zero voxels contributing to
the volume calculation. (d) Partial lesion volume, with all voxels 40% the maximum voxel value contributing to the
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3.5. Phantom data
Ungated and retrospectively stacked images were visualized in the sagittal plane, showing the
differences in noise and signal. Fig. 9a shows the ungated view. This image was blurred over
about 100 cycles, and the smearing effects are quite evident visually, making the hot cylindrical
vial appear as an object with approximately three times the width of the vial. The motion also had
the effect of spreading the signal in proportion to the time spent along the sinusoidal trajectory,
so that the blurred image was not uniform. The greater time spent at the end-cycle points can be
seen in the darker superioinferior borders.
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Fig. 7 (continued)
The retrospectively stacked image is shown in Fig. 9b. The vial in the RS image was as reduced
to its correct size, and the noise was substantially reduced. Even though the data was noisy and
the lesion was small, the registration was successful and provided a significantly enhanced image.
Quantitative evaluation was performed by measuring the signal, noise and contrast-to-noise
ratio (CNR) along a line cutting superiorinferiorly through the center of the vial. At each voxel
along this line, the signal was computed as the average of that voxel and its nearest neighbors.
The noise was computed using a 4 × 4 × 5 block in the upper region of the water phantom, and
the CNR was determined as the ratio of signal through the vial to standard deviation within the
block.
The CNRs are shown in Fig. 10, where the ungated view clearly presented two peaks separated
by over 2 cm, corresponding to the cycle endpoints. The retrospectively stacked image not only
contained a single peak at the end of the trajectory, but presented a maximal CNR over 5-fold the
ungated level. These results mirror the qualitative effects seen in Fig. 9.
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PHANTOM MOTION
CYLINDER
VIAL
Fig. 8. Schematic of the phantom comprising a hot 1 × 5 cm vial embedded in a warm background. The phantom was
placed on a motorized platform, which was able to move sinusoidally along the axis paralle to the length of the couch.
a b
Fig. 9. Retrospective stacking applied to phantom comprising a hot 1 × 5 cm vial embedded in a warm background.
(a) Ungated reconstruction. (b) Retrospectively stacked at end-cycle. The vertical arrow shows the direction of phantom
motion.
4. Discussion
An oft-stated concern regarding PET–PET fusion is that the noise inherent in this modality
renders registration extraordinarily difficult. The simulation and phantom results in this study
suggest that PET–PET registration is indeed possible, without resorting to external models (such as
4D CT or implicit motion maps) for guidance. The fact that registration was successful using only
rigid body displacement maps further strengthens this notion. More sophisticated transformation
models can be expected to improve algorithm performance even further.
The simulation studies reveal the minimal temporal resolution necessary for successful image
restoration under motion characteristic of tumor displacement from respiratory motion. Data
acquisition in timesteps greater than 0.5 s appears to capture substantial motion within each
acquisition frame, while timesteps greater than 2.0 s render the RS method essentially incapable
of eliminating motion artifacts. On the other hand, timesteps from 0.2 to 0.5 s appear sufficiently
small to enable significant image restoration under a variety of motion patterns. This acquisition
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Fig. 10. Contrast-to-noise ratios across the hot vial in the phantom study. Dashed: Ungated image; Solid: retrospectively
stacked at end-cycle.
width range was validated by the phantom study, where acquisition timesteps of 0.2 s led to a
retrospectively stacked image with a 5-fold increase in contrast-to-noise.
It is clear that periodic motion can lead to substantial smearing and signal reduction in radionu-
clide images, and that RS was able to effectively restore image quality when the motion approached
the range and frequency observed in thoracic and abdominal tumors. Maximal sensitivity is vital
for accurate diagnosis of malignancy, and knowledge of the precise tumor volumes and shapes
are essential for margin reduction in radiation therapy treatment planning. Retrospective stacking
has been implemented using readily available PET acquisition protocols, and it seems likely
these methods can be developed further to provide clinically robust 4D PET patient images with
enhanced signal and minimal noise. A longer-term goal is the combining of 4D PET with 4D CT
to provide multimodal 4D treatment planning capabilities to radiation oncologists.
5. Conclusion
We have proposed an algorithm, retrospective stacking (RS), to reduce respiratory motion
artifacts in radionuclide imaging using the full signal across the entire respiratory cycle. Retro-
spective stacking differs from gating methods, which use data from only a single interval along
the respiratory cycle, in its potential to restore the lesion volume and shape, without extending
the scan time to obtain adequate signal and SNR levels. Because RS is amplitude- rather than
phase-based, the respiratory cycle underlying the lesion motion need not be uniform. Even when
hysteresis is present, RS can be used by observing the derivative of the respiratory trace to
distinguish inspiration from expiration. Another advantage is that four-dimensional information
can be extracted, enabling the reconstruction of the image at any respiratory phase or amplitude.
Respiratory motion influences nuclide imaging in a complicated fashion, and computer sim-
ulations afford an efficient and economical way to thoroughly understand the important issues
and to resolve potential problems. Simulation studies involving respiratory motion effects have
applications ranging from imaging hardware design and acquisition protocol development, to
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better understanding of the interplay of tumor motion and the multileaf collimator during the
treatment phase.
The value of simulation has been demonstrated in the development of the RS method. The
simulation studies in this paper have shown RS to be capable of substantially reducing motion
artifacts, as gauged by 2D visualizations, SNR plots and voxel activity distributions. Simulated
images of a spherical lesion undergoing linear motion as well as hysteresis have been successfully
restored to the motionless case, and the method has proven effective for both periodic and erratic
respiratory traces. Indeed, exploration of the simulation conditions have revealed that virtually
complete artifact removal, with no additional scan time, is possible for sufficiently high temporal
resolution. While these simulations have been restricted to 3D translations of the lesion, RS has
been formulated in the context of both rigid and deformable registration methods, and there are
no conceptual obstacles to extending the work to the deformable case.
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